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Effectiveness of the H-root method for determining adsorption
isotherms of protein–salt systems in open micro-channels
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Abstract

The application of the H-root method (HRM) for predicting isotherm data for protein–salt systems in open-channel chromatographs is
presented. HRM mainly consists of performing a regression of the chromatographic response of a system in order to predict the isotherms
of the solutes. The method is applicable to proteins with Type I (Langmuir) isotherms. HRM enables a quick determination of the effects of
salt on protein isotherms, to facilitate the development of preparative separation protocols of trace proteins in open micro-channel systems.
Two configurations were investigated: micro open parallel plate system (�OPPS) and micro open tubular system (�OTS). The effectiveness
of HRM was evaluated by simulating the behavior of these open-channel systems with mass-transfer effects included. The influence of
operating and geometrical parameters was determined with a detailed parametric study. It was found that HRM can give good estimates of the
adsorption isotherms in both micro-channel systems. This is primarily attributed to efficient mass transfer, which ensured correspondence to
the equilibrium assumption of HRM. In general, the�OTS was found to give more accurate predictions than the�OPPS. This is attributed
to the smooth circular perimeter of flow. Nevertheless, the difference in accuracy is generally insignificant, and with the proper selection of
operating conditions, both systems are well suited for HRM.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Liquid chromatography (LC) has enormous potential for
preparative purification of biological and chemical sub-
stances. During the past two decades there has been an
extraordinary growth in the application of LC for protein
purification [1–4]. Since large samples and/or high con-
centrations are used[1–6], accurate equilibrium isotherm
data are essential given that the band profiles are controlled
by the non-linear competitive equilibrium isotherms[5,7].
Knowledge of the adsorption isotherms is very valuable
in predicting column loading capacity[6] and separation
characteristics.

Isotherms can be determined by static or dynamic meth-
ods. Both methods require special care to eliminate errors
arising from the equilibrium not being achieved when the
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measurement is made. Static methods are time-consuming
[7]. Often single-solute isotherms are determined experi-
mentally and the competitive isotherms are predicted using
theoretical estimation methods, which offer only limited ac-
curacy[8]. Multicomponent isotherm data for liquid–solid
systems are traditionally generated by batch methods. The
main disadvantages of this method are that it is extremely
time consuming and expensive[1].

Alternatively, dynamic methods based on chromatogra-
phy can be used for the prediction of isotherm data with
the advantages of higher accuracy and speed[7]. Some
of the methods are elution by characteristic points (ECP)
[5], frontal analysis (FA)[9], method of mass balance[1],
method of composition velocities (MCV), tracer-pulse[1],
elution on a plateau[1], inverse method[10] and the H-root
method (HRM)[1,10,11]. The advantages and disadvantages
of these various methods have been discussed elsewhere
[1,5,8,10–18]. Of particular interest to this work is the HRM
method.

HRM was derived from the H-transformation theory
(HTT) of chromatography[14]. HTT was developed to pre-
dict the chromatographic response of a system by using the
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Langmuir parameters of the analytes and the operating con-
ditions. The HRM method mainly consists of performing a
back-calculation of HTT; i.e. the response of the chromato-
graphic system is used to predict the Langmuir parameters
of the analytes. Some of the advantages of this method are
that it does not require detailed chromatographic data, a sim-
ple detector response can be used to obtain the information
needed for the HRM calculations. The application of HRM
is simple and highly efficient chromatographic columns
are not mandatory in order to produce accurate results. A
limitation of this approach is that it assumes a priori that a
Langmuir isotherm model is valid[1,5,8,11–16]. It is, there-
fore, imperative to follow the estimations of the Langmuir
coefficients with probe non-linear chromatographic exper-
iments to validate the original assumption. Further details
about HRM can be found in the literature[1,11,12,14–16].

There are two chromatographic stationary phases that are
of importance in preparative protein separations: particulate
media and the activated surface of open micro-channel sys-
tems. HRM has previously been investigated for packed-bed
systems[1,12]. Open micro-channel systems are particularly
useful for preparative purification of trace biomolecules.
Features include minimal dilution of trace samples, good
mass transfer and minimal flow dispersion. Toward the
development of efficient procedures for optimizing the
separation of trace species, particularly proteins, in open
micro-channel systems, it is useful to develop rapid methods
for determining overloaded isotherms. HRM is promising
in this regard, since the good kinetic characteristics of the
open-channel system are in concordance with the equilib-
rium assumption of the model.

In this study, the utility of the HRM method has been
evaluated for two different configurations of micro-channels:
�OTS and�OPPS. The ability to predict isotherm data for a
protein–salt system was studied. The effect of salt on protein
equilibrium adsorption is important in two major modes of
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Fig. 1. Schematic representation of�OPPS and�OTS.

preparative chromatography: ion exchange and hydropho-
bic interaction systems. In both cases, it is important to
determine how isotherms change with salt concentration.
HRM provides a versatile theoretical framework for obtain-
ing these data efficiently from chromatographic responses.

2. Theory

2.1. µOPPS model

A schematic representation of the�OPPS is shown in
Fig. 1. It is assumed that the flow regime in this channel
is laminar and fully developed with negligible end effects.
For this case, Spangler’s[19] velocity profile was adapted.
Since the cross-section under consideration is not elliptical,
the original expression was integrated over the cross-section
and normalized to obtain the modified version inEq. (1).

vy = −12

7
vavg

(
b2 + d2

b2d2

) (
(x2 − b2)(z2 − d2)

(x2 − b2)+ (z2 − d2)

)
(1)

Adsorption of the solute is assumed to take place on the
surfaces defined by the depth and length dimensions (side
surfaces) of the channel, while the surfaces defined by the
width and the length (top and bottom surfaces) are assumed
to be inactive. This choice is based on the experimental
�OPPS developed earlier[20]; the top/bottom surfaces are
inert, while the side surfaces are activated for ion-exchange.
It is further assumed that the adsorption (or ion-exchange)
step is instantaneous relative to the mass-transfer rate. The
predominant mass-transfer resistance is in the liquid phase,
since the surface is assumed to be non-porous and ideally
two-dimensional. Upon injection, the sample is evenly dis-
tributed along the channel cross-section, and the fluid den-
sity is assumed constant. With these assumptions it can be
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shown that a mass balance for a single solute in the channel
is [21]:

∂Ci

∂τ
− 12

7

∂Ci

∂Y

(
b2 + d2

d2

) (
(X2 − 1)(Z2 − 1)

(b2/d2)(X2 − 1)+ (Z2 − 1)

)

= 1

θX,i

∂2Ci

∂X2
+ 1

Pei

∂2Ci

∂Y2
+ 1

θZ,i

∂2Ci

∂Z2
(2)

Initial and boundary conditions that apply to this equation
in the elution and frontal modes of operation have been de-
scribed elsewhere[22]. In order to solveEq. (2), the numeri-
cal method of finite differences was applied. Forward differ-
ence was used for the first-order time derivative and central
difference for all the spatial derivatives. In order to obtain
a stable solution, the alternating direction implicit scheme
was employed. This scheme divides each time interval be-
tween the number of spatial dimensions (in this case three
dimensions): channel width, depth and length. Each spatial
dimension is represented by a tridiagonal matrix of equa-
tions, which is solved using the LU-decomposition method
(tridiagonal matrix method). The particular scheme used to
solve Eq. (2) is the Peaceman Rachford algorithm and is
described in detail elsewhere[21,22].

2.2. µOTS model

A schematic representation of the�OTS is shown in
Fig. 1. The same assumptions used for the�OPPS are em-
ployed for the�OTS. With these assumptions, a mass bal-
ance for a solute in the�OTS is[21,22]:

∂Ci

∂τ
+ 2(1 − R2)

∂Ci

∂Y

= 1

Pei

∂2Ci

∂Y2
+ 1

θR,i

1

R

∂Ci

∂R
+ 1

θR,i

∂2Ci

∂R2
(3)

Eq. (3) was solved using the same numerical scheme that
was used forEq. (2).

2.3. Description of the HRM

HTT was developed by Helfferich and Klein[14]. It is
used to predict the dynamic response of a fixed-bed column
and has been extended to non-stoichiometric systems that
obey the Langmuir isotherm:

q∗
i = VmiKmiCi

1 + ∑nc
j=1KmjCj

= aiCi

1 + ∑nc
j=1KmjCj

(4)

HRM derived from HTT, was first proposed by Chen
et al. [1] and subsequently modified by Jen and Pinto[11].
HRM consists of two main parts: linear elution experiments
to calculate the linear isotherm coefficientai (Eq. (4)), and
non-linear frontal experiments to calculate the competitive
interference parameterKmi (Eq. (4)). Only the breakthrough
time of each front is necessary, which can be obtained di-
rectly from the detector response (Fig. 2). The kinetic ef-

Fig. 2. Typical frontal detector response for a three-component mixture.

fects that influence the shape of the peaks are not very sig-
nificant in HRM, since the detailed frontal chromatogram is
not needed. This is a significant advantage over FA and ECP
methods, since in order to decrease the influence of kinetic
effects for these methods, very efficient columns have to be
used[8].

The �OPPS and�OTS are devices whose performance
has a strong dependence on the width or diameter of the
micro-channel. By using a very narrow micro-channel, it
is possible to achieve a very efficient configuration, with
reduced plate height values as low as 2[21]. In the present
work, an adaptation of HRM to the open geometries of the
�OPPS and�OTS is presented. No attempt is made here to
explain the basis of HTT or HRM. Details can be found in
the literature[1,11,12,14–16,18].

2.4. HRM for open microcolumns

Since the equations in the literature describing chro-
matographic performance in the HRM framework are for
traditional packed columns, it was necessary to adapt the
equations for the open geometry of the�OPPS and�OTS.
It can be shown that the concentration velocity in the
�OPPS is[22]:(
∂y

∂t

)
Ci

= vC,i = vavg

1 + (1/b)(∂q∗
i /∂Ci)

(5)

For the�OTS it is [22]:(
∂y

∂t

)
Ci

= vC,i = vavg

1 + (2/rC)(∂q∗
i /∂Ci)

(6)

In the linear region of the isotherm;

q∗
i = aiCi (7)

Thus, the expressions for the concentration velocity for the
�OPPS and�OTS in the linear regime simplify to:(
∂y

∂t

)
Ci

= vC,iOPPS= vavg

1 + (ai/b)
(8)

(
∂y

∂t

)
Ci

= vC,iOTS = vavg

1 + (2ai/rC)
(9)
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The linear elution experiments involve three steps: (1)
equilibration of the column with a suitable eluent (salt solu-
tion); (2) injection of a short pulse of the mixture of solutes;
and (3) development of the chromatogram. The retention
time (TR,i) of each component is used to calculate its linear
isotherm coefficientai. For the�OPPS:

ai,OPPS=
(
vavg

vC,i
− 1

)
b =

(
TR,i

T0
− 1

)
b (10)

For the�OTS:

ai,OTS =
(
vavg

vC,i
− 1

)
b =

(
TR,i

T0
− 1

)
rC

2
(11)

Non-linear frontal chromatography experiments are per-
formed to obtain the competitive interference parameterKmi

for each component. The feed sample must be large enough
for the two components to be eluted under non-linear condi-
tions and interfere strongly. If the column is overloaded but
the bands of the components are still separated, the determi-
nation of competitive isotherms is not possible[7]. The steps
involved are: (1) equilibration of the column with the elu-
ent (salt solution); (2) introduction of a step injection of the
mixture; and (3) development of the frontal chromatogram
to obtain the breakthrough time of each front. The break-
through time of each front is then used to calculate the com-
petitive interference coefficients (Kmi ) using the following
equations[11,22]:
n∑
i=1

(
KmiCFi

(ki/Kn)− 1

)
− 1 = 0 (12)

n∑
i=1

(
KmiCFi

(Kj+1/Kj)(ki/kj+1)− 1

)
− 1 = 0

(1 ≤ j ≤ n− 1) (13)

where:

ki = TR,i − T0

T0
= φai (14)

Ki = TRF,i − T0

T0
= vavg

vC,i
− 1 (15)

3. Numerical simulations

Simulations were performed in order to compare the ca-
pabilities of the�OPPS and�OTS for predicting isotherm
data with HRM. The chromatographic responses of the
�OPPS and�OTS were simulated withEqs. (2) and (3), re-
spectively. HRM is an equilibrium model. The�OPPS and
�OTS simulators include mass-transfer effects to simulate
real conditions. Therefore, the validity of using an equilib-
rium model to separate out thermodynamic properties from
a chromatogram influenced by kinetics can be verified. In
addition, the effects of column dimensions, and operating
conditions were evaluated.

Table 1
Molecular properties for simulations

Solute D (cm2/s) Mr (g/mol) Km (cm3/�mol) a (cm)

NaCl 2.0 × 10−5 58.43 70.8 7.08× 10−3

Conalbumin 5.94× 10−7 80000 228.8 1.92× 10−2

Table 2
Operating conditions for the linear elution and non-linear frontal simula-
tions

Operating parameters

Parameter Value Parameter Value

b or rC (�m) 10–30 L (cm) 2–20
d (�m) 10–300 vavg (cm/s) 0.001

Linear elution simulations Non-linear frontal simulations
CF (�mol/cm3) 0.0001 CF (�mol/cm3) 0.05
VF (% of VC) 1 VF (% of VC) 300

The protein–salt system selected was conalbumin (CON)
and NaCl, adsorbing competitively on a polyethyleneimine
coated, silica-based weak adsorbent. The experimental
Langmuir parameters, diffusion coefficients and molecular
weights used are summarized inTable 1. Diffusion coeffi-
cients and molecular weights were obtained from Tyn and
Gusek[23]. The equilibrium adsorption of conalbumin was
measured on the ion exchanger PAE-1000 (10�m) at 30◦C
from a solution at pH 7. The isotherm was obtained from
batch measurements as has been described by Chandavarkar
and Pinto[24]. The ranges for operating parameters used for
chromatographic simulations are shown inTable 2, unless
otherwise stated; the values ofCF and VF were the same
for protein and salt. The parameterai was calculated from
the chromatograms usingEqs. (10) and (11)for the�OPPS
and�OTS, respectively. The interference coefficient (Kmi )
was calculated usingEqs. (12) and (13). The percentage
deviation was calculated as follows:

deviation(%) =
(

experimental− predicted

experimental

)
100 (16)

For the�OPPS, simulations were performed for the effects
of �, Pei andθX,i, where:

α = θZ

θX
=

(
d

b

)2

(17)

For the�OTS, the parameters varied werePei and�R,i.

4. Results and Discussion

4.1. Prediction of linear isotherm coefficients (ai)

The determination of the linear isotherm coefficient for
the protein as a function of salt concentration by HRM,
requires experimentally obtaining isocratic protein elution
peaks at a suitable number of salt concentrations over the
range of interest. One factor that can be expected to affect
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Fig. 3. Typical simulation results for linear elution.

the accuracy of the estimation of this coefficient from the
chromatograms is the Peclet number (Pe). Since HRM is
based on the equilibrium assumption, the method is expected
to be less effective for a system with a largerPe. Shown in
Fig. 3 is a typical simulation used for the calculation of the
linear isotherm coefficient (ai) with HRM. The particular
case is for the protein eluting at zero salt concentration from
the �OPPS. Also shown, for completeness, is the relative
retention of the salt on the adsorbent selected.Fig. 4 shows
the influence ofPe on the linear isotherm prediction from
aCON values measured using the�OPPS. As expected, an

Fig. 4. Effect ofPe on prediction of linear isotherm region with the�OPPS.

increase inPe leads to an increase in the deviation in the
prediction of ai; i.e. a greater deviation of the predicted
isotherm from the experimental isotherm. The deviations
range from 4 to 6% for conalbumin. These results imply that
mass transfer from the liquid to the channel surface has an
influence on the accuracy of the predictions. This effect is,
however, small. InFig. 4, a change in thePeof an order of
magnitude changes the accuracy by only a few percent.

The influence of liquid-phase mass transfer is evident in
the results for the effect ofθX. The channel width is the
characteristic length of diffusion for adsorption, since ad-
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Fig. 5. Effect ofθX on prediction of linear isotherm region with the�OPPS.

sorption is taking place only on the side-walls of the mi-
crochannel.θX is a sensitive measure of the effect of channel
width. Fig. 5 shows that the accuracy of the HRM predic-
tions increases asθX decreases. The deviations obtained in
predictingai range from 4 to 5% for conalbumin. It should
be noted that the change in the accuracy of the prediction
is small, despite a change inθX of an order of magnitude.
This is because the range of widths used in the simulations
(b = 10–30�m), as is typical in�OPPS, represents very
narrow and therefore efficient channels.

Fig. 6. Effect ofα on prediction of linear isotherm region with the�OPPS.

For the �OPPS, the channel depth/width ratio (α) can
also affect performance. It has been shown earlier[21] that
mass-transfer efficiency is dependent on�. Fig. 6 shows
that the deviations increase with an increase in�. At α = 1
deviations are approximately 5% for conalbumin, while at
α = 100 the deviations increase to 14%. Clearly, a square
cross-section is most appropriate for evaluating the linear
isotherm coefficient in a�OPPS.

Similar analyses were carried out for the�OTS. Figs. 7
and 8 show the results for the effects ofPe and θR, re-
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Fig. 7. Effect ofPe on prediction of linear isotherm region with the�OTS.

spectively. The results are similar to the�OPPS; i.e., the
deviations increase with increasingPe and increasingθR.
However, the deviations are generally smaller with the
�OTS. In the�OPPS, liquid in the corners of the rectan-

Fig. 8. Effect ofθR on prediction of linear isotherm region with the�OTS.

gular cross-section is almost stagnant. This is suspected
to be the reason for the slightly larger deviations in the
�OPPS. However, it is to be noted that the differences be-
tween isotherm predictions of the�OPPS and�OTS are
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Fig. 9. Typical simulation results for non-linear frontal elution.

small, and both systems are suitable for use with HRM. One
significant practical consideration is that the�OPPS is suit-
able for parallelization on a single chip, which has not been
achieved with the�OTS[20]. This offers the possibility of
carrying out multiple experiments simultaneously; for ex-
ample, evaluating different adsorbent surface chemistries in
parallel. This advantage may justify the small loss in esti-
mation accuracy.

Fig. 10. Effect ofPe on prediction of non-linear isotherm region with the�OPPS.

4.2. Prediction of the isotherm interference coefficients
(Kmi )

The determination of the interference coefficient of the
protein (Kmi ) by HRM requires a frontal injection of the
protein at the salt concentration of interest. Further, to evalu-
ate the effect of salt on this coefficient, frontal profiles must
be obtained at a suitable number of salt concentrations in
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Fig. 11. Effect ofθX on prediction of non-linear isotherm region with the�OPPS.

the range of interest. It is known that the prediction ofKmi

is strongly dependent on band spreading[1], since it affects
the accuracy with which the breakthrough times (TRF) can
be determined. Consequently, operating conditions must be
carefully selected to minimize band spreading.

The effects of band spreading in the open-channel
columns were evaluated using frontal simulations of
protein–salt mixtures. A typical frontal development is
shown inFig. 9. Fig. 10 shows the influence ofPe on the
prediction ofKmCON with a �OPPS. As with the estimation

Fig. 12. Effect ofα on prediction of non-linear isotherm region with the�OPPS.

of the linear coefficient, deviations increase with increasing
Pe. An increase of an order of magnitude inPe increases
the deviation inKmCON from −5 to −11%. The estimation
of the interference coefficient is sufficiently sensitive toPe,
that the liquid velocity and channel length must be carefully
selected to match the diffusion coefficient of the protein.

Figs. 11 and 12show the dependence of the predictions of
KmCON onθX andα, respectively. The deviations inKmCON
go from−4 to −8%, asθX changes over an order of mag-
nitude. This indicates that the channel widths in�OPPS are
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Fig. 13. Effect ofPe on prediction of non-linear isotherm region with the�OTS.

well suited for rapid mass transfer of the proteins to the wall,
as is assumed by HRM. By comparing the results inFigs.
10 and 11it can be observed that the�OPPS is more sensi-
tive to an order of magnitude change inPe than to a similar
change inθX.

The results inFig. 12 show deviations from−6 to 12%
asα is increased from 1 to 100. Increasingα increases the
characteristic length for diffusion along the depth of the
channel, and as a result larger concentration gradients form
along the width and depth[21]. Thus, for the estimation of

Fig. 14. Effect ofθR on prediction of non-linear isotherm region with the�OTS.

both the linear and interference coefficients, a�OPPS with
a square cross-section is best.

Figs. 13 and 14show the results obtained in the�OTS as a
function ofPeandθR, respectively. These are similar to those
obtained with the�OPPS; increasingPe or θR increases
the deviation in the predictions of the Langmuir parameters,
and the�OTS is more sensitive to changes inPe than to
changes inθR. As with the linear elution simulations, the
deviations in predictingKmi obtained with the�OTS are
slightly smaller than those obtained with the�OPPS. This
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is due to the smooth perimeter of flow in the�OTS, as was
discussed earlier.

For both the�OPPS and�OTS, it is observed that the
estimated non-linear isotherm always falls below the exper-
imental value (Figs. 10–14). This is a consequence of the
influence of mass transfer on the frontal breakthrough time.
Dispersive effects reduce the frontal breakthrough time rel-
ative to that under equilibrium conditions. This results in
an overestimate ofKm and an underestimate of capacity.
For protein–salt systems, to ensure an accurate estimation of
Km, it is recommended that the fluid velocity (vavg) and the
channel length (L) be selected to give aPeof 103 or less.

5. Conclusions

The H-root method has been adapted for the evaluation of
adsorption isotherms in�OPPS and�OTS chromatographic
systems. HRM utilizes chromatographic responses to pre-
dict the Langmuir coefficients of the analytes. The results
show that for both open micro-channel systems, by select-
ing the appropriate operating and geometrical conditions, it
is possible to obtain accurate protein adsorption isotherms
in the presence of salt, for systems that give a Type I (Lang-
muir) isotherm. This is primarily attributed to efficient mass
transfer of the protein to the surface due to the short char-
acteristic length for diffusion. This ensures close correspon-
dence to the assumption of HRM. In general, the�OTS gave
more accurate predictions of the isotherm coefficients than
the �OPPS in both linear and overloaded regions. This is
postulated to be due to the absence of dead zones in the flow
cross-section.

6. Nomenclature

6.1. Symbols

a Langmuir affinity coefficient (linear isotherm
coefficient) (cm)

b microchannel half width (cm)
C solute concentration in the mobile phase (�mol/cm3)
CF feed concentration (�mol/cm3)
d microchannel half depth (cm)
D diffusion coefficient in solution (cm2/s)
k linear elution column capacity factor (dimensionless)
K frontal capacity factor (dimensionless)
Km Langmuir competitive interference coefficient

(cm3/�mol)
L microchannel length (cm)
Pe Peclet number (dimensionless),Pei = (vavgL/Di)

q∗ equilibrium concentration of solute in the stationary
phase (�mol/cm2)

rC �OTS radius (cm)
R dimensionless position along the�OTS radius
t time (s)

T0 holdup time (s)
TR retention time (s)
TRF frontal breakthrough time (s)
vavg average linear velocity along the length (cm/s)
VC column volume (cm3)
vC concentration velocity (cm/s)
VF feed volume (cm3)
Vm Langmuir parameter (�mol/cm2)
vy linear velocity along the length (cm/s)
x position along the microchannel width (cm)
X dimensionless position along the microchannel

width, X = (x/b)

y position along the microchannel length (cm)
Y dimensionless position along the microchannel

length,Y = (y/L)

z position along the microchannel depth (cm)
Z dimensionless position along the microchannel

depth,Z = (z/d)

6.2. Greek symbols

α θZ/θX ratio (dimensionless)
φ phase ratio (cm−1)
θR dimensionless time,θR,i = (vavgr

2
C/DiL)

θX dimensionless time,θX,i = (vavgb
2/DiL)

θz dimensionless time,θZ,i = (vavgd
2/DiL)

τ dimensionless time,τ = (vavg t/L)
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